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Discrete-time quantum walk in one-dimension is studied from a path-integral perspective. This
enables derivation of a closed-form expression for amplitudes corresponding to any coin-position
basis of the state vector of the quantum walker at an arbitrary step of the walk. This provides a
new approach to the foundations and applications of quantum walks.
I. INTRODUCTION
An approach to quantum mechanics via the general-
ization of the action principle in classical mechanics was
established by Feynman [1], known as the path integral
formulation. It assumes that a particle can take all pos-
sible paths to travel between two fixed points, say O, the
origin, and T , the terminal point respectively. A proba-
bility amplitude is assigned to each path the particle can
take and the propagator is obtained by taking the sum of
all amplitudes corresponding to all paths for the particle
to propagate from O to T .
Let C be a path from O to T , with an assigned prob-
ability amplitude P (C), which in general is a complex
number. The probability that the particle will take the
path C is |P (C)|2. The joint probability for the particle to
take paths C1 and C2 is then |P (C1)+P (C2)|2. Notice that
the rule for obtaining joint probability deviates from its
classical counterpart by an interference term of the form
P (C1)P ∗(C2)+P ∗(C1)P (C2). Further, in a path C made of
two sub - paths say C1 and C2 meeting at an intermediate
point M , the probability amplitude P (C) = P (C1)P (C2).
The path integral approach has been applied to
study various physical processes, including the quantum
dynamics involving scalar potentials with singularities
which were not amenable to the standard operator ap-
proach of Schrdinger [2]. It has also been extensively
applied in the study of quantum field theory particularly
for quantization, gauge fixing and phenomenon concern-
ing elementary particles [3]. The problem of decoherence,
central for realization of a quantum computer has been
discussed via the path integral approach in [4].
A candidate system to study via Feynman approach is
the quantum walk (QW). The QW is a process wherein
the evolution of the walker is driven by a fixed unitary op-
erator. QW process begins with the walker at the origin,
say, moving backward or forward conditioned on the out-
come of a (quantum) coin toss. This process is repeated
n - times for a n - step QW. Broad classification of QW
include discrete time QW (DTQW) and continuous time
QW. Many variants of QW have been studied; alternat-
ing [5], coinless [6] and staggered model [7]. QW has also
been studied in the presence of noise, for instance [8]. A
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detailed review of quantum walk is presented in [9].
Realization of QW have been carried out in a variety
of physical systems and have been discussed in detail in
[10]. Schemes to implement QW have been proposed;
ion [11] and optical traps [12], quantum circuits [13] and
cavity QED [14] to name a few.
It has been shown that QW serves as an effective tool
to design quantum algorithms. Algorithmic applications
of quantum walk include element search [15] and trian-
gle finding (finding a triangle on an undirected graph and
also indicate if the graph is triangle free) [16] among oth-
ers. Also, it has been shown that any quantum compu-
tation process can be implemented by performing quan-
tum walk in both continuous and discrete cases [17] [18].
This powerful result only adds more thrust to the study
of quantum walk.
Further, close ties of the QW framework and quantum
field theory has recently come to fore. Among others,
QW as a model to perform quantum simulation of rela-
tivistic particles has been studied [19]. With the demon-
stration of implementation of QW using a Dirac like
Hamiltonian [20], modelling the phenomena of neutrino
oscillations [21], etc the study of QW has only gained
further impetus.
While the rich and varied applications of QW indicates
the success of the framework, analytical results are but
few. This can be attributed to the many interferences
occurring simultaneously, which seemingly makes it ana-
lytically intractable. However, the maxima of the prob-
ability distribution arising from the QW process was ob-
tained analytically in [22]. In this work, we study QW in
one dimension via the Feynman path integral approach,
obtaining in the process a closed form expression for the
probability amplitude for an arbitrary time step in the
case of a one dimensional DTQW.
II. FEYNMAN PATH APPROACH TO QW
We briefly present the Discrete Quantum walk scheme
for completeness. Consider the walker to be initially in
the state
|ψ(t = 0)〉 = (α |0〉+ eiφβ |1〉)⊗ |k〉 . (1)
We assume α and β to be real numbers without loss
of generality. The Hilbert space of the walker is H =
Hcoin ⊗ Hposition. One-step evolution of the walker is
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2achieved by applying a unitary operator U ≡ C ⊗ S on
|ψ(0)〉, with coin operator C, given by:
C =
(
cos θ sin θ
sin θ − cos θ
)
, (2)
and the shift operator S given by:
S = Σk |0〉 〈0| ⊗ |k − 1〉 〈k|+ Σk |1〉 〈1| ⊗ |k + 1〉 〈k| . (3)
Application of Un carries out a n - step QW. Evolving
the initial state Eq.(1) by one step we obtain
|ψ(1)〉 = α cos θ |0, k − 1〉+ α sin θ |1, k + 1〉
+ eiφβ sin θ |0, k − 1〉 − eiφβ cos θ |1, k + 1〉 . (4)
The basis vectors of |ψ(1)〉 represent the final state
of the walker. Let the transitions |k〉 → |k + 1〉 and
|k〉 → |k − 1〉 be labelled as forward (F ) and backward
(B) transition respectively. All possible one-step transi-
tions are deduced from Eq.(4) and are illustrated in Fig.
(1).
kk − 1 k + 1
α|0, k〉
kk − 1 k + 1
βeiφ|1, k〉βeiφ sin θ|1, k − 1〉 −βeiφ cos θ|1, k − 1〉
α cos θ|1, k − 1〉 α sin θ|1, k − 1〉
FIG. 1: Figure shows all possible one step transitions
and the corresponding probability amplitudes of the
walker starting with initial states α |0, k〉 and βeiφ |1, k〉
Note that the probability amplitudes are independent of
the instantaneous position of the walker, |k〉 and the step
number, t.
Two steps of the QW can be obtained by combining
one-step transitions. For instance, a possible two step
evolution can be obtained by combining B and F one-
step transitions- a BF transition, which indicates that
the walker underwent a |k〉 → |k − 1〉 transition at time
t = 1 followed by a |k − 1〉 → |k〉 transition at time t = 2.
Similarly, an n - step walk can be represented by a string
of F s and Bs of length n, which prompts the following
definition:
Definition 1 (Feynman string). Any n-bit string S ∈
{B,F}×n represents the n − 1 (one step) transitions in
a Feynman path of an n - step QW.
Strings starting with a B are called B - strings, like-
wise, strings starting with F are called F - strings. Given
a string S, its dual S¯, is obtained by interchanging F s
and Bs. Evidently, the dual of a B-string is an F -string
and vice-versa.
For any path starting at the origin and terminating
at position |x〉 (say), the corresponding Feynman string
S has n+|x|2 F s and
n−|x|
2 Bs. Hence, the number of
strings N representing paths which start at the origin
and terminate at |x〉 is given by the number of distinct
permutations of S. Therefore:
N =
n!(
n±|x|
2
)
!
(
n∓|x|
2
)
!
=
(
n
n±|x|
2
)
. (5)
The walker has a certain initial coin state as shown in
Eq.(1). This obviously affects the evolution of the walker,
as coin states |0〉 and |1〉 effect B and F translations
respectively. This gives rise to the mapping B → |0〉
and F → |1〉. Each of the above N strings are thus
concatenated with a B or an F , effectively giving rise to
strings B ∗S and F ∗S for all S, leading to the following
definition:
Definition 2 (Feynman extended string). An (n + 1)-
bit string, denoted S+, consisting of a Feynman string
preceded by the initial coin state of the walker B (|0〉) or
F (|1〉).
Note that each of the extended strings S+ of an n -
step walk has n one step transitions. Furthermore, B ∗S
and F ∗S for all N number of strings S, will result in 2N
strings.
In the Feynman framework, each of the 2N paths are
associated with a probability amplitude. Let the mth
path string have a probability amplitude P (Sm). The
net probability amplitude, P (x), for the walker to be
found at position |x〉 is the sum of all these amplitudes:
P (x) =
2N∑
m=1
P (Sm). (6)
On the other hand, for a given path represented by
an n + 1 - bit string S, the corresponding probability
amplitude P (S) is given by the product of all the n one
step probability amplitudes P (k):
P (S) =
n∏
k=1
P (k). (7)
The discussion presented in the remainder of the article
pertains to both Feynman string and its extended coun-
terpart. They will be collectively referred to as Feynman
strings unless otherwise specified.
Note that each one step transition introduces a sin θ or
a ± cos θ factor to the probability amplitude, therefore it
is proportional to cosi θ sinj θ, with i+ j = n.
Definition 3 (Switch). In any n-bit Feynman string,
S ∈ {B,F}×n, switch is defined as a F ↔ B transition
in the string.
3It is easily seen from Fig. (1) that number of switches
fixes the degree of sin θ in the probability amplitude. Ev-
idently, there are multiple strings, say η(n, x, j), with
same number of switches, which needs to be accounted.
The full path string of length n and terminating at po-
sition |x| has NF (n, x) = n+|x|2 dominant (say, forward)
shifts and NB(n, x) =
n−|x|
2 minority (say, backward)
shifts. Note that for a fixed time step t, n and |x| are
both even or both odd.
The number of strings, for a fixed j switches, is equiv-
alent to the problem of filling (i) NF (n, x) balls into µ ≡
b(j+1)/2c urns and of NB(n, x) balls into ν ≡ d(j+1)/2e
urns; plus (ii) NF (n, x) balls into ν urns and of NB(n, x)
balls into µ urns;
At the value of j where NB(n, x) < ν (i.e., when j =
n−|x|), contribution (i) drops out. At precisely the next
value of j, NB(n, x) < µ (i.e., j = n − |x| + 1), both
(i) and (ii) have no more contributions. Thus, both (i)
and (ii) contribute up to j = n − |x| − 1, and then at
j = n − |x| there is a contribution from (ii) alone. For
larger values of j, there aren’t any more contributions.
Recall that the problem of filling n balls into k urns,
such that no urn is empty, is the combinatoric problem
of strong composition, and the number of ways are given
by
(
n−1
k−1
)
.
The total number of n-Feynman paths with j switches
is given by:
η(n, x, j) ≡
( n+|x|
2 − 1
d j+12 e − 1
)( n−|x|
2 − 1
b j+12 c − 1
)
+
( n−|x|
2 − 1
d j+12 e − 1
)( n+|x|
2 − 1
b j+12 c − 1
)
, (8)
assuming j ≤ n−|x|−1. If j = n−|x|, then only the first
summand in Eq. (8) contributes. The following identity
can easily be verified:
(
n
n±|x|
2
)
=
n−|x|−1∑
j=1
η(n, x, j) +
( n+|x|
2 − 1
dn−|x|+12 e − 1
)
. (9)
Recall that the LHS of Eq. (9) is same as the total num-
ber of Feynman paths obtained in Eq. (5).
Note that in the case of equal forward and backward
paths, where we set x = 0, the second summand in the
RHS of Eq. (9) vanishes.
Further, when a B - string is concatenated with a
F (or vice - versa), an additional switch is introduced.
For example, a string with two switches BBFFB, when
concatenated with a F to obtain the extended string
F ∗ BBFFB, has three switches. The additional switch
so introduced in the extended needs to be accounted for.
Let η∗(n+ 1, x, j) denote the number of extended strings
with j switches, then:
η∗(n+ 1, x, j) = η(n, x, j) + η(n, x, j − 1), (10)
for 1 < j < n − |x|. For j = 1 and j = n − |x| + 1, we
have:
η∗(n+ 1, x, j) = η(n, x, j). (11)
Definition 4 (Parity). Given an n bit Feynman (ex-
tended) string, the parity  takes the value +1 (resp., −1)
when the number of F → F transitions in the string are
even (resp. odd).
The parity of a Feynman extended string is obtained
in the following lemma.
Lemma 1. The parity (n, x, j) of Feynman B or F -
strings with j switches is given by
(n, x, j) = (−1)n+x2 −b j+12 c (12)
and
(n, x, j) = (−1)n+x2 −d j+12 e+1 (13)
respectively.
Proof. Let S be a B - string with j switches. Cut the
string at points where switches occur. This process cre-
ates j+ 1 sub-strings with d j+12 e B-type sub-strings and
b j+12 c, F -type sub-strings. Here, the B-type sub-strings
do not alter the parity of the string S and hence are
ignored. Distribute an F bit to each of the F -type sub-
strings as all sub-strings must be at least of size one. This
leaves us with n+x2 − b j+12 c, F s which can then be redis-
tributed among the sub-strings arbitrarily. Independent
of the distribution of F s among the F -type sub-strings,
the number of F → F transitions are unaltered when the
sub-strings are conjoined. Hence, if n+x2 −b j+12 c is even,
 = −1, as there are odd number of F → F transitions,
similarly,  = 1 when n+x2 − b j+12 c is odd.
The result can be proved analogously for F - strings.

The above lemma also implies that the parity of a
Feynman extended string is invariant under permutations
which preserve the number of switches.
Lemma 2. A Feynman B - string (resp. F - string)
with j switches determines the coin state in an eigen basis
|b, x〉: b = j(mod 2) (resp.b = j + 1(mod 2)).
Proof. Let S be a B - string with j switches, where
j is even. Cut the string at points where switches occur
as described in lemma (1). As S is a B - string, the
first of the j + 1 sub-strings contains only Bs. This sub
- string is followed by F sub - string which in turn is
followed by a B sub-string and so on. It follows from
this arrangement that the last sub-string contains Bs.
Every transition terminating with a B results in the coin
state |0〉 as evident from Fig. (1). For an odd number of
switches, j, in a B - string, the above process of cutting
and arranging the j+1 sub - strings, where j+1 is even,
results in the (j + 1)th sub-string to contain only F s.
4Every transition terminating with a F results in the coin
state |1〉 as evident from table Fig. (1)).
The result can be similarly shown for F - strings.

Hence, using the above results, the state vector compo-
nent corresponding to a given Feynman extended string
can expressly be written as:
|ξ(n, x, j, c)〉 =(n+ 1, x, j) cosi θ sinj θ ×
|(j + c (mod 2)) , x〉 , (14)
where, c = 0 for B- strings and c = 1 for F - strings.
We note that a B- string with j switches and its dual
have like parity when j is even and unlike parity when j
is odd according to Eqs. (12) and (13).
Defining the summing operations:
∑
1
≡
n∑
x=−n
1 + (−1)n+x
2
n+|x|
2∑
m=1
(n, x, 2m)
η∗(n+ 1, x, 2m)
∑
2
≡
n∑
x=−n
1 + (−1)n+x
2
n+|x|+1
2∑
m=1
(n, x, 2m− 1)
η∗(n+ 1, x, 2m− 1) ,
(15)
we obtain the final state vector to be:
|ψ(n)〉 =
(∑
1
αNB(n, x)(cos θ)
n−2m (sin θ)2m +
∑
2
βeiφNF (n, x)(cos θ)
n−2m+1 (sin θ)2m−1
)
|0, x〉
+
(∑
1
βeiφNF (n, x)(cos θ)
n−2m (sin θ)2m −
∑
2
αNB(n, x)(cos θ)
n−2m+1 (sin θ)2m−1
)
|1, x〉 , (16)
which may be considered as an explicit representation
of a QW parametrized by position. This allows us to
circumvent a direct calculation of amplitudes at each po-
sition. Its application will be explored elsewhere.
III. CONCLUSION
In this work, a closed form expression was obtained
for the state vector corresponding to arbitrary time step
for an n - step QW in one dimension. The Feynman
path integral approach was used to derive all possible
(backward and forward) transition rules of the walker.
The forward and backward transitions were mapped to a
string of F s and Bs respectively. A recipe for calculating
the probability amplitude for a given string was provided
using the properties of these strings.
The formalism presented in this work can be extended
to QW in higher dimensions including walks by augment-
ing the QW “Feynman rules” presented in Fig. (1), which
would allow us to accommodate QW in higher dimensions
as well QW in arbitrary graphs. One can in principle ex-
tend this formalism to any Markovian process evolving
under a fixed unitary operator.
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